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The number of linearly independent perfect matchings of a graph - -  or, equi- 
valently, the dimension of the perfect matching polytope - -  is determined in various senses. 
First it is shown that the fact that every linear objective function can be optimized over 
the perfect rnatchings in polynomial time implies the existence of a polynomial-time 
algorithm to determine the dimension of this set. This observation also yields polynomial 
algorithms to determine, among others, the number of linearly independent common 
bases of two matroids and the number of linearly independent maximum stable sets in 
claw-free or perfect graphs. For the case of perfect matchings, Naddef's minimax theorem 
for the dimension of the perfect matching polytope is strengthened and it is shown how 
the decomposition t! eory of matchings in graphs can be applied to derive a particularly 
simple formula for this dimension. This formula is based upon the number of constituents 
of a certain decomposition of the graph which we call a brick decomposition. Finally, 
these results are applied to obtain a description of the facets of the perfect matching po- 
lytope. 

O. Introduction and notat ion 

Let  G = ( V ,  E)  be a g raph  wi thou t  loops  (but  mul t ip le  edges are  al lowed).  
The  s t ruc ture  o f  perfect  matchings  in G has  been the subject  o f  many  papers .  One 
a p p r o a c h  is to cons ider  the  incidence vectors o f  perfect  matchings  and  their  convex 
hull ,  which we call  the perfect matching polytope of  G and  denote  by PM(G). The  
perfect  match ing  po ly tope  was descr ibed as  the so lu t ion  set o f  a l inear system by 
E d m o n d s  [1]. Two fur ther  quest ions  concerning  this po ly tope ,  however ,  have re- 
ma ined  open :  to de te rmine  its dimension ,  and  to descr ibe  a minimal  set o f  inequal i t ies  
de te rmin ing  PM(G). F o r  the  related match ing  po ly tope ,  the  convex hull  o f  the  
incidence vectors o f  all (not  necessari ly perfect)  matchings,  a min imum set o f  inequal-  
ities was furn ished  by Pul leyb lank  and  E d m o n d s  [15]. The  d imens ion  quest ion does  
no t  occur  there  since the  match ing  p o l y t o p e  is fu l l -d imensional .  N a d d e f  [11] gave 
a min imax  fo rmula  for  the  m a x i m u m  number  o f  l inear ly independen t  incidence vec- 
tors  o f  perfect  matchings  in a g raph  (equivalent ly,  for the  d imens ion  o f  the perfect  
match ing  poly tope) ,  in terms o f  the  numbers  o f  edges,  nodes ,  and  the m a x i m u m  size 
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of a family of"str ict"  cuts with certain additional properties (see Section 1). However, 
no efficient algorithm was known to compute this number. 

In this paper we first show that, using Edmonds'  algorithm for finding a maxi- 
mum weight perfect matching in a general edge-weighted graph as a subroutine, we 
can easily compute the dimension of PM(G). In fact, the same procedure determines 
the dimension of  any set in polynomial time, provided we have an efficient subroutine 
to maximize an arbitrary linear objective function over the set. Thus the same proce- 
dure gives us the dimension of  many other interesting combinatorially defined poly- 
hedra, such as the convex hull of common bases of two matroids, and of  maximum 
independent sets in claw-free or perfect graphs. We feel that a combinatorial study of 
the dimension of these polytopes, similar to the one carried out in this paper for the 
perfect matching polytope, should lead to interesting results on the structure of  these 
objects. 

A different approach to the study of perfect matchings is a decomposition 
theory initiated by Kotzig [7] and developed further by Lovfisz [8] and Lovfisz and 
Plummer [9]. This decomposition procedure breaks up an arbitrary graph into 
3-connected bicritical graphs, which we call bricks. (A graph is bicritical if whenever 
any two nodes are deleted the remaining graph has a perfect matching.) The main 
result of  this paper shows an intimate connection between this decomposition pro- 
cedure and the dimension of PM(G): if every edge of a connected graph G =  (V, E)  
belongs to a perfect matching, and if the number of bricks obtained by the decompo- 
sition procedure is fl, then dim PM(G)= IEI-IVI + 1 -ft. The special case in which 
G itself is 3-connected bicritical is in fact the most difficult part of the result. This 
special case has the following purely graph-theoretic formulation (via Naddef's 
theorem): if G=(V, E) is a 3-connected bicritical graph and S ~  V is an odd set 
such that 3 -<_ I SI -<_ t V I - 3, then there exists a perfect matching in G containing more 
than one edge connecting S to V\S .  Even though this lemma sounds very elemen- 
tary, our proof  makes essential use of the linear description of  the perfect matching 
polytope. 

Once the dimension of PM(G) is known, it is the matter of  a not too difficult 
but somewhat lengthy computation to describe which defining inequalities give facets 
of  PM(G), and which of them yield the same facet. (Since PM(G) is not full-dimen- 
sional, the inequality defining a facet is not unique). 

The result on the dimension of PM(G) can also be applied to prove a con- 
jecture of  Lovfisz and Plummer [9] concerning the number of perfect matchings in a 
bicritical graph: in [9] it was shown that every bicritical graph with n nodes has at 
least n /4+ 2 perfect matchings, and it was conjectured that this lower bound could 
be improved to n/2+ I. This was shown for the case of cubic bicritical graphs by 
Naddef  and Pulleyblank [12] and for Halin graphs, a special case of  3-connected 
bicritical graphs, by Pulleyblank [14]. We prove this conjecture in general by showing 
that every bicritical graph with n nodes has at least n/2+ 1 linearly independent inci- 
dence vectors of  perfect matchings. 

The remainder of this section is spent on notation, definitions and some pre- 
liminary remarks. In Section 1 we present some lemmas which are basically reformula- 
tions of  Edmonds'  results on the perfect matching polytope. In Section 2 we survey 
the decomposition procedure mentioned above. In Section 3 we describe the general 
algorithm for finding the dimension of  a set provided an optimization subroutine for 
linear objective functions is given. Turning our attention to matchings, in Section 
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4 we study strict cuts, proving in particular the non-existence of non-trivial strict 
cuts in 3-connected bicritical graphs. Section 5 contains the main formula for the 
dimension of  PM(G), and some special cases and applications. Finally, in Section 
6 we discuss the facet-inducing inequalities for the perfect matching polytope. 

We adopt the following notation. For a graph G=(V, E) and any So= V, we 
let 6(S) denote the set of edges with exactly one end in S and let ? (S)  denote the set 
of  edges with two ends in S. For any vC V, we abbreviate 6({v}) by 6(v). For any 
So= V, we let G[S] denote the node-induced subgraph of G induced by S, i.e., 
G[S]=(S, ?(S)). We let G \ S  denote the graph obtained by deleting all nodes in S 
and all edges incident with these nodes. Thus G \ S = G [ V \ S ] .  Again, for any v~ V, 
we abbreviate G",,{v} by G',,.v. For any S ~  V and any vE V \ S ,  we let S+v denote 
SU{v}. Similarly, for any J ~ E  we let G"xJ denote the graph (V ,E~J)  and 
abbreviate G',,,{j } by G',,,j for all iCE. If  S _c V then we denote by G X S the graph 
obtained from G by shrinking S to a single node. With a mild abuse of  words, we 
shall identify the edges of GN S with some edges of  G and for JC=E we denote by 
JX  S the set of  edges of  G X S which are images of  edges in J under the shrinking of S. 

An articulation set in a connected graph G=(V, E) is a set So= V such that 
G',,,S is not connected. Every articulation set S of  a k-connected graph contains at 
least k nodes. Let S be an articulation set of G and let W be the node set of  one compo- 
nent of  G',,.S. Then G[WUS]\?(S)  is called a lobe of S, and G[WUS]XS a re- 
duced lobe of  S. 

A cut in G=(V, E) is a set of the form J=6(S), where 0 c S c  V. The sets S 
and V ~ S  are called the shores of J. If  G is connected then every cut determines its 
shores. I f  IVI is even then the parities of  both shores are the same. We call the cut 
odd or even depending on these parities. If both shores of a cut have at least two nodes 
we call the cut non-trivial; a cut of  the form 6 (v), vE V is called a trivial cut or a star. 
Cuts 6(S1) and 6(S~) are called crossing if SldgS2, $2CS1, $1AS2#0 and 
S1U $2# V. 

A family of  mutually non-crossing cuts will be called lamhTar. 
Any perfect matching of G will use an odd number of edges from any odd cut 

of  G. We say that J is a strict cut of  G if every perfect matching of  G uses exactly one 
edge of  J. 

We say that G=(V, E) is critical if G \ v  has a perfect matching for every 
v~ V; then 1VI is necessarily odd and G is connected. 

Recall that G is bicritical if E~f3 and G'x,,u\v has a perfect matching for 
every u, v( V, u~v. Clearly this is equivalent to the condition that E¢-0 and G \ v  
is critical for every vE V. I f G  is bicritical then IV I is even, G has a perfect matching 
itself, and if G ~ K2 then G is 2-connected. Further, if {u, v} is any articulation set 
then every component of  G'x,u\v has a perfect matching, and so every lobe of {u, v} 
has even cardinality. This implies that each of  u and v must have degree at least 4. 

The graph G=(V, E) will be called matching-covered if IVI>I ,  G is con- 
nected and every edge of  G occurs in a perfect matching. If  G #/(2 then it follows that 
G is 2-connected, and so every node in G has degree at least 2. 

Finally, for any x~R  ~, for any 7C=E we let x ( J ) =  ~ ' x j .  
j E J  

4* 
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1. PreLiminaries: the perfect matching polytope 

Let G-- (V, E) be a graph. With every perfect matching M of G associate its 
incidence vector (x]: jEE)ER e where x j = l  if jEM and x j = 0  otherwise. The 
convex hull of incidence vectors of perfect matchings (or, briefly, of perfect matching 
vectors) is denoted by PM(G), and is called the perfect matching polytope of G. 
Edmonds [I] determined a linear system whose solution set is PM(G). 

Theorem 1.1 (Edmonds [1]). Let G=(V, E) be a graph with I VI even. Then PM(G) is 
the set of vectors xE R E satisfying 

(1.1) x i >-- 0 for all jEE, 

(1.2) x(6(i)) = 1 for all iE V, 

(1.3) x(J) >- 1 for every non-trivial odd cut J of G. 

Edmonds proved this theorem by giving an efficient algorithm to maximize a 
linear objective function cx subject to (1.1), (1.2) and (1.3), for an arbitrary edge weight 
vector cE R E. This algorithm always obtains an integer optimum solution, which 
proves the theorem. It also constructs an optimum solution to the dual linear program, 
with half-integral entries, but we shall not need this fact in this paper. 

Since PM(G) is not full-dimensional, it is a natural next question to study its 
dimension. 

The first result in this direction is due to Naddef [11], who proved the follow- 
ing. Let oY" be a laminar set of odd cuts of a matching-covered graph G--- (V, E). Let 
JoE,~ and let Co be a shore of Yo. Every JEc/{'\Jo has a unique shore Cs such that 
Cj c= Co or C] c= V\Co" Shrink C O and each of these Cfs  to form pseudonodes. The 
resulting graph is called a ~r-contraction of G. We say that 2,f'has the odd cycle prop- 
erty if every :U-contraction of G contains an odd cycle, i.e., is nonbipartite. 

Theorem 1.2. (Naddef [11]). Let G= (V, E) be a matching covered graph. 

(I .4) I f  G & bipartite then 

dim P(G) = IEI-  IV[ + 1. 

(1.5) I f  G is nonbipartite then 

dim PM(G)= [E l -  IV[+ 1 - I X [ ,  

where )U is any maximal laminar set of strict nontr&ial odd cuts of G which has the odd 
cycleproperty. 

We call a set J f  as in (I.5) a rank set of G, since it effectively determines the 
matching rank. In fact, if :U is a laminar family of strict cuts of G with the odd cycle 
property then it is not difficult to show that the set of equations {x(J )=  1 : JEff'} 
together with all degree constraints (1.2) is a set of linearly independent equations. 
(See [11].) The hard part of Theorem 1.2 is the assertion, for a nonbipartite matching 
covered graph G, that such a ,Y" can be found satisfying I J f l = I E ] - ] V [ + I -  
dim PM(G). 
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2. Preliminaries continued: matching decompositions of graphs 

The matching algorithm of Edmonds [2] in the "cardinality" case, ends up with 
a maximum matching, together with a partition V= P U IU O with various important 
properties. This same partition of V was discovered independently by Gallai [5], 
and is often called the Edmonds--Gallai partition of V. The main properties of this 
partition are summarized below. 

Theorem 2.1. Let G=(V, E) be a graph. Then V has a (unique) partition {O, L P} 
with the following properties: 
(a) 0 consists of exactly those nodes which are missed by some maximum matching; 
(b) I consists of exactly those nodes in V \ O  which are joined to some node in 0 

by an edge; 
(c) G[P] has a perfect matching and every component of G[O ] is critical; 
(d) for every maximum matching M, MAy(P)  is a perfect matching in G[P] and 

for every component K=(V 0, E0) of G[O ], M O E  o covers all nodes but one of K. 
(e) G[O] has exactly Ill+lVI-2v(G) connected components. (Recall that v(G), 

the matching number oJ" G, is the number of edges in a maximum cardinality 
matching of G.) 

What will be important for us, in addition, is the fact that this partition can be 
determined efficiently, i.e., in polynomial time. 

If G has a perfect matching then this theorem does not give any structural 
information. It is not difficult to show that, at least as far as the number and structure 
of perfect matchings are concerned, we may restrict our attention to matching-cove- 
red graphs. 

The following result is due to Kotzig [7] and Lov~isz [8]: 

Theorem 2.2. Let G=(V, E) be a matching-crvered graph. Then V has a (unique) 
partition ~(G)={S1 . . . . .  St} with the following properties: 
( a) for any two nodes x, yE V, the graph G \ x \ y  has a perfect matching if and 

only if x and y belong to different classes of ~ (G); 
(b) if  Si~ ~ (G) and Ha . . . . .  H,, are the components of G",xSi, then m = [SiI and 

every Hj is critical; 
(c) shrinking every component H~ to a single point we obtain from G a bipartite 

matching-covered graph; 
(d) the reduced lobes of St are matching-covered graphs. 

Note that property (a) implies that the partition ~(G) is a colouration of G. 
It is easily seen that G is bipartite if and only if 1~ (G)]= 2 and G is bicritical if and 
only if I~(a)l=lVl.  

Let us point out that the partition ~(G) can be found efficiently for every 
matching-covered graph G. The procedure is the following. Select any node vie V, 
and determine the Edmonds--Gallai partition (O1, 11, P0 for the graph G\v l .  Let 
$1=11U {vl}. Then select any v2~ V \S1 ,  determine the Edmonds--Gallai partition 
(02, I2, P2) of G\v2, and set S2=I2U {v2}, etc. 

Let G be a non-bicritical matching-covered graph. Select any SE~(G) with 
at least two nodes, and construct the reduced lobes of S. These are themselves match- 
ing-covered graphs by (d). If any of them is non-bicritical then repeat this with this 
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reduced lobe. Eventually we end up with a list L1 (G) of  bicritical graphs. In this list, 
there will be K2's which will not concern us much; there will be 3-connected bicritical 
graphs, which cannot be (and, as we shall see, need not be) decomposed any further 
by similar means ; and there will be non-3-connected bicritical graphs with more than 
2 nodes. Such bicritical graphs can be decomposed as follows (Lov~sz and Plummet 
[9]). 

Let G=(V,  E) be a bicritical graph and {u, v} an articulation set, and let 
G1, . . . ,  Gr be the lobes of {u, v}. Then G~ + uv . . . . .  Gr + uv are again bicritical graphs. 
If  one of G~+uv . . . .  , G,+uv is not 3-connected we can repeat this. In this way we 
can decompose every bicritical graph into 3-connected bicritical graphs. If this decom- 
position procedure is applied to all bicritical graphs in Lx(G) with more than two 
nodes, we obtain a list L(G) of  3-connected bicritical graphs. We call the members of 
L(G) the 3-connected bieriticat constituents, or simply the bricks, of  G. We will refer to 
this decomposition of  a matching covered graph G as a brick decomposition of G. 

Let us remark that the decomposition procedure is not uniquely determined: 
we have freedom in choosing S~EP(G) and also in choosing an articulation pair 
when decomposing bicritical graphs. It will tbllow from our results in Section 5 that 
the number of bricks is independent of the choices made in the decomposition. Lovfisz 
(unpublished) also proved that in fact the list L(G) is independent of the order of 
decomposition ; but we shall not need thi~ fact in this paper. 

Let us emphasize once more that the decomposition procedure described above 
canbecarried out efficiently for every graph G. Also, note that when we perform the 
brick decomposition, we will end up with a list containing, in general, some bricks and 
some K2's. For example, if G is a bipartite matching covered graph, then the brick 
decomposition decomposes G into a set of K2"s - -  one for each edge. If G is itself 
3-connected and bicritical then G is indecomposable and the list consists of  the single 
brick G itself. 

3. Solvable sets and polyhedra 

The main result of this section is the following: if we have a class S o f s u b s e t s  
of  R" such that for every S E ~ a n d  for any cE R" we can compute the maximum of 
cx for xE S in polynomial time, then we can compute dim S, the dimension of S, 
for any SE~U in polynomial time. First we introduce some definitions and notation 
which will enable us to formulate the above result precisely. 

Let S be a set of  rational members of R". An encoding of S is a pair (n, c~(S)) 
where c~(S) is some finite binary string that, in some way, represents S. For  example, 
if S is a finite set of rational points in R" then c~(S) might be a binary encoding of a 
linear system whose solution set is the convex hull of S. I f  S is the set of incidence 
vectors of the matchings of a graph G, then c~(S) could be a string representing the 
adjacency matrix of G. The length of (n, ~(S)) is defined to be Llog hA+ 1 plus the 
number of bits in c~(S). 

We say that an encoding (n, c~(S)) is proper if, for every xE S, the total number 
of  bits required to represent x is polynomially bounded in the length of (n, c~(S)). 
In fact, most "reasonable" encodings are proper, as are, in particular, the two exam- 
ples above. However if we encoded the set Mp of  aIl matchings of Kp, the complete 
graph on p nodes, by simply letting or(Me) be the binary representation oftJ,  this 
would not be proper. 
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Let Y be a class of  proper descriptions of  rational subsets of R". If  there 
exists an algorithm which, for every (n,c~(S))E~f' and every integer vector 
c=(q: i= l ,  2 . . . . .  n)ER", computes x*ES which maximizes cx over xES in time 

polynomial in the length of (n, e(S))  and ~ (1 +[_log2 e~5) then we say that 
i = 1  

is a solvable class of  proper descriptions. 

Theorem 3.1. For every soh, able class j~r of proper descriptions,for every (n, c~(S))E ~f', 
the dimension of S can be computed in time polynomial in the length of(n, ~ ( S)). 

We prove the theorem by giving a polynomial algorithm for computing 
dim S from its description (n, c~(S)). More precisely, it will produce a set X of 
dim S + I  affinely independent members of  S together with a system Ax=b of  
n - d i m  S affinely independent equations satisfied by every xE S. (We say that the 
equations Ax= b are affinely independent if the rows of A are affinely independent.) 

The procedure for calculating A, b and X proceeds as follows. Initially 
X:=0  and Ax=b is a set of  n + l  affinely independent equations having empty 
solution set. Thus, for every xEX, we have Ax=b. We now proceed to "verify" 
each equation ax=fl of our system in turn, by first solving Z = m a x  {ax: xE S} and 
then solving z = m i n  {ax: xES). If  z = Z = f l  then this is indeed an equation satis- 
fied by every member of  S so we leave it in the system and go on to the next. If one 
of  z, Z is not equal to fl, then one of the optimum solutions x* obtained will be affine- 
ly independent of  X and we add it to X. We then remove the equation ax=fl from 
our system, but first use it to update all "unverified" inequalities so that we will still 
have Ax=b for every xEX. When this "verification" process is completed, we will 
have the desired A, b and X. 

Although the idea of this algorithm is quite simple, some care must be exer- 
cised in order to obtain the polynomial bound on its execution. The important point 
will be to show that at each stage of the algorithm the coefficients of A and b will be 
polynomially bounded in the length of(n, ~(S)). 

In fact, to calculate A, b and X we consider a homogenized version. For any 
xER" we let Y'ER "+1 be obtained from x by adding an (n+ 1)st component with 
value 1. For X ~ R "  we let )~:={~:xEX}. Every xEX satisfies Ax=b if and only 
if every fie )~ satisfies [A, - b] ~ = 0. Moreover, X is affinely independent if and only 
if A ~ is linearly independent. We will construct A and b so that the rows of [A, - b ]  
are linearly independent. Provided that S is nonempty, i.e., that some 2 satisfies 
A2=b, it will then follow that the rows of A are linearly independent. 

For a matrix A we let Ai denote the ith row and we let Ai,j denote the element 
indexed by i and j. Initially, let A ° be the (n+ t ) × ( n + l )  identity matrix and let 
)~°:=0. The algorithm computes a sequence A °, A 1, . . . ,  A "+~ of matrices and 
a sequence )~0, ~1 . . . .  , a e"+~ of subsets of R "+a such that foreach kE{0, 1 . . . . .  n +  1}, 

(a) the rows of A k are linearly independent; 
(b) the set j~k is linearly independent; 
(c) Akx=O for all 2E~'~k; 
(d) for every )TE,~ ~, xES; 
(e) the matrix A k contains v(k)+(n+ l ) - k  rows, for some value v(k) and every 

xES satisfies Ak2=O for all isatisfying l<--i and i<-v(k). 
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The value v(k) can be interpreted as the number of "verified" rows of A k. We will have 
v ( n + l )  equal to the number of rows of A "÷1. Define v(0):=0 and then A °, ,~0 
satisfy (a)--(e). 

For k going from 0 to n, perform the following: 
Let a k denote the vector consisting of  the first n components of A~(k)+I. 

Solve the two problems 

Z = maximum (a k x: x~ S), 

z = minimum (a k x: xE S) = maximum ( -  a k x: xC S). 

If  Z = z =  --A~tk)+1.,+~ then perform Step A; otherwise perform Step B. 

Step A: For every xES,  ~ satisfies Ao(k)+l~=0. Let Ak+X:=Ak; .ex-~rk+l :m.~k;  

v(k+ 1):=v(k) + 1. 

Step B: There exists x gatisfying a ~ x = Z  or akx=z  such that Ak(k)+lff=CZ#0. Let 
~ : = ~  and let ~k+l:=,~ku{~k}. We now compute the matrix A k+~ as follows. For 
i<=v(k) we let ,~iak+X'--ak.--,~i. For i>v(k)  + 1, i f  A~y~k:fl we let 

A~+I ( ~  k k , ~ - :  : =  • A l - / ~ ' A ~ ( k ) + a ) / c ~  

where o~" = 1 i f  this is the first execution of  Step B and ~" is the value of  ~ obtained at the 
previous execution of  Step B i f  this is not the first execution. (Note that i f  fl =0  we have 

k + l  t k k + l  k Ai-1 = (~/~ )A i) Moreover, A contains one fewer row than A ; row v(k) + 1 has been 
deleted. Let v ( k+  l):=v(k).  

The correctness of this procedure can be easily verified, by showing that at the 
end of each execution of Step A or B, we have (a)--(e) satisfied. Properties (a) and 
(d) are immediate and (b) follows from the fact that if we add 0~ k to a ek in Step B, 
then every ~E~ k satisfies Akx=O, but Aky~#O. Property (c) holds because if we 
add ~ to ~k, then we calculate A k+x in such a way that it preserves (c). Finally, (e) 
holds because we only increment v(k) in Step A, in which case we have found another 
row satisfying A~(R)+I;~=0 for all xES.  

Now we show that the entire process runs in time polynomial in the length of 
(n, c~(S)). It is sufficient to show that every coefficient in each A k has length poly- 
nomially bounded in (n, =(S)). This will follow from a theorem of Edmonds [4] 
which shows that the form of "Gaussian elimination" used in Step B has this desired 
property. 

Let M be the matrix obtained by adjoining l,~ '"+1] new columns to A °, one 
new column containing each 26ae"+L Since ~Y" is a class of proper descriptions, the 
number of bits required to represent M is polynomial in the length of  (n, ct(S)). In [4] 
it is shown that if "Gaussian elimination" is performed using the method of Step B, 
then each entry in the resulting matrix will be equal to the determinant of  a square 
submatrix of M and hence the length of each entry will be polynomial in the length of 
(n, c~(S)). We choose as pivot elements for this process the kth dement of each column 
corresponding to . ~ k ~ n  + 1 

Finally, we complete the proof by observing that the matrix A k of the algorithm 
will be identical to the sul~matrix of M obtained by taking the columns corresponding 
to A °, after k - v ( k )  pivots have been performed and all rows pivoted on have been 
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deleted. The entries in the colunm of M corresponding to 2 k give the values of Ak2 k for 
all iE{1, 2 . . . . .  n +  1}. 

This algorithm can be applied to efficiently determine the dimension of  various 
combinatorial polyhedra for which polynomial algorithms exist to maximize any 
linear objective function. Another way to say this is that it computes the number of  
affmely independent vertices of  the polytope. 

As special cases, we obtain polynomial algorithms for the following. 

(a) The number of affinely independent perfect matchings, since there exists a 
polynomial algorithm to maximize a linear objective function over the perfect match- 
ing polytope, by Edmonds [1]; 
(b) The number of affinely independent common bases of two matroids, using the 
algorithm of Edmonds [3]; 
(c) The number of  affmely independent maximum cliques of  a perfect graph, 
using the algorithm of Gr6tschel, Lovfisz and Schrijver [6]; 
(d) The number of affinely independent maximum independent sets in a claw-free 
graph, using the algorithm of  Minty [10]. 

Let P be a polytope and let ax<-b be an inequality valid for every xEP. Let 

P" = {xEPlax = b}. 

Then P '  is a face of P. Now it may be that P ' = P ,  i.e., a x = b  for every xEP, in 
which case we call the inequality tight. It may be that P" is a facet of  P, in which case 
we call the inequality ax <= b facet-inducing. Finally, it may happen that P" is a face 
but not a facet of  P, in which case we call the inequality ax<=b inessential 

If  P is full-dimensional, then every facet of  P determines a unique facet-induc- 
ing inequality up to a scalar factor. This is not the case when P is not of full dimension. 
In fact, the inequalities ax <= b and a'x <= b" determine the same facet of  P if and only 
if there is 2 > 0  and an equation c x = d  satisfied by all points in P such that 
a ' = 2 a + c  and b '=2b+d .  

The significance of this classification of  inequalities is that if P is given as the 
solution set of  a linear system aix<-b~ ( i=  1, ..., m), then any inequality alx<-b~ 
which is inessential can be dropped from the system. Further, from those inequalities 
a~x<-_bi which are tight one may select any maximal subset whose left hand sides are 
linearly independent and then drop the rest. Finally, for each facet one may drop all 
but one of the facet-inducing inequalities for that facet. 

Let P be a rational polytope in R" and let S be the set of  vertices of  P. Let 
(n, e(P))  be an encoding of  P, where e(P)  is some finite binary string that represents 
P. Then (n, c~(P)) is also an encoding of  S and we say that it is a proper encoding of  
P if it is a proper encoding of S. We say that N is a solvable class of  proper polyhedral 
descriptions if  N is a solvable class of descriptions of  the vertex sets of the polytopes 
encoded in ~ .  

Let P be a polytope and let ax<-b be an inequality valid for all points of  P, 
such that at least one point of  P gives equality. Then the polytope 

P" = {xE Pla . x = b} 

is a face of  P. If  there exists a polynomial algorithm to maximize any linear objective 
function over P, then there is also one to maximize over P'.  In fact, maximizing 



256 J. EDMONDS, L. LOV,~SZ, W. R. PULLEY'BLANK 

c.  x over P" is equivalent to maximizing (c+Na).  x over P, for N sufficiently large. 
All we must ensure is that if we have a proper description of  P, then a "sufficiently 
large" N will still have length polynomially bounded in the length of  this description 
and the sum of the lengths of the coefficients of  c, a and b. 

Let (n, c~(P)) be a proper description of P. Then the length of  each coefficient 
of  each vertex of  P is polynomially bounded in the length of  (n, e(P))  so there is a 
polynomially computable upper bound D on the 1.c.m. of  the coefficients of  any vertex. 
The length of D will also be polynomial in the length of(n, e(P)).  We can assume that 
a and b are integer. Then, for any x E P - P ' ,  ax~_b-(1/d). 

Let Cmax:=max{cx:xEP} and let Cm~,:=min {cx:xEP}. Then the lengths of 
Cma~ and Cm~, are both polynomial in the length of(n, e(P))  and the sum of the lengths 
of  the coefficients of c. Now let N = I + ( C m , ~ - C m i . ) D .  Then the length 
of N is polynomial as required. For x'EP" we have ( c+Na)x '=cx '+N.b .  For 
xE P -  P ' ,  we have (c + Na)x <= cx + Nb - N/D < cx + Nb + Cm~,,- C m a  x ~ Nb + cx'. There- 
fore every x E P - P "  gives a worse value for (c+Na)x than every xEP', so N is 
sufficiently large. (Note that if the vertices of  P are integer, then D =  1 so we simply 
choose N >  C~a,~-- Cmi n -) 

Theorem 3.2. Let ~ be a solvable class of proper polyhedral descriptions. Then there 
exists a polynomial algorithm which, given an), (n, ~(P) )E~  and any inequality 
ax<=b (aEZ", bEZ), determines whether ax<-b is invalid, tight, facet-inducing or 
inesaential. 

The algorithm can be described as follows. Find an xoEP such that a.Xo= 
max{a.x]xEP}. If  axo>b, then a x ~ b  is invalid; if axo<b then ax~_b is 
inessential. So suppose that axo=b. 

Let P'-={xEP, ax=b}. Determine dim P and dim P '  as above. If dim P =  
dim P" then ax<-b is tight. If  dim P = d i m  P ' + I ,  then ax<-b is facet-inducing. 
If dim P:>dim P ' +  1, then ax<-b is inessential. 

Theorem 3.3. Let ~ be a solvable class of proper polyhedral descriptions. Then there 
exists a polynomial algorithm which, given any (n, ~(P) )E~  and two facet-inducing 
inequalities ax<-b and a'x<=b ", determines whether or not they induce the same 

facet. 

In fact, it suffices to check whether or not a'x<-b is tight for the polytope 
P'={xE P:ax=b}. 

4. Strict cuts 

Recall that an odd cut of  a graph G is strict if every perfect matching contains 
exactly one edge. Two examples of  strict cuts may be instructive at this point. First, 
let G be a matching-covered non-bipartite non-bicritical graph, SEN(G), IS 1=>2 and 
let H be a connected component of  G',,,S with more than one node. Then 6 (V(H)) 
is a non-trivial strict cut. Second, let G be a matching-covered graph which is not 
3-connected and let {u, v} be an articulation set of  G. Let H be an even connected 
component of G",,{u, v}. Then 6(V(H)U {u}) is a non-trivial strict cut. 

These two types of strict cuts are shown in Figure 1. 
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Let G =  (V, E) be a graph with IV[ even and let J be an odd cut. We can test 
whether or not J is strict by defining edge costs cj = 1 for jEJ and c~ ~ 0 for j E E \ J  
then finding a maximum weight perfect matching in G. Then J is strict if and only if 
the optimum matching found contains exactly one edge of  J. Now we show how we 
can use Theorem 1.1 for this problem to obtain several useful lemmas. 

. . . . . . . . . . .  x 

H i 

Fig.  1 

Let c~ be the set of  all non-trivial odd cuts in G. 
An odd cutJamily Jff=(Ji:iEI) is a family of  odd cuts of  G. (Note that the 

same cut may appear several times.) If  every member of  ~" is a star, then we call 
a star family. The cover vector of  Jr', denoted by e(~/'), indicates for each edge j  of  G 
how many members of  ~ff contain j. Thus 

e ( ~ ) j  - I { i E I :  JEJi}l. 

If  ~ and ~ are odd cut families, then we say that ~ majorize~ ~ if e(JY'O>= 
e(~"2), i.e., each edge appears at least as often in ~ as in of'o. We let [of'[ denote 
III. Thus l ~ l  counts multiplicities of odd cuts in S .  

Lemma 4.1. An odd cut Jo is strict if and only if there exists an odd cut family 
containing Jo and a star family 50 such that 6e majorizes ~ ,  and t6at = IJY'I. 

Proof. Let c be the incidence vector o f J  0 . Then J0 is strict if and only if the 

(4.1) 

subject to 

(4.2) 

(4.3) 

(4.4) 

maximum of  c.  x, 

x( j )  ~- 0 for all jE E, 

x ( 6 ( i ) ) = l  for all iEV, 

x (J)  _-> 1 for all JECg, 

equals 1. Since this maximum is at least 1 by (4.4), it equals 1 if and only if the dual 
program of  (4.1)--(4.4) has a dual solution with value 1. This means that there exist 
rationals y*(i) 

(4.5) 

(4.6) 

(4.7) 

(iE V) and z*(J) (JEff) such that 

z*(J) >= 0 for  all JEC~, 

y*(O(j)) >= ~ ( z * ( J ) :  jEJECK)+a for all jEJo, 

y*(~(j)) >= Z ( z * ( J ) :  jEJEC~) for all j E E - J o  
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and 

(4.8) y*(V) = z*(Cg)+ 1. 

Here we let ~ ( j )  denote the two nodes incident with edgej. 
Let q be a common denominator of  the entries of y* and z*. Define 50 by lett- 

ing each star 6(v) appear qy*(v) times if y*(v)>0  .Define sf" by letting each star 6(v) 
appear - qy* (v) times if y* (v) < 0, letting each non-trivial odd cut JE cg~{J0} appear 
q . z*(J )  times, and letting J0 appear q(z*(Jo)+l ) times. Then [50[=1-Y'] by 
(4.8), JoEY{" and 50majorizes of'by (4.6) and (4.7). Conversely, if such families 5"and 
~¢" exist then a solution of (4.5)--(4.8) can be defined in the obvious way. l 

I f  G is matching covered and J is any strict cut then every edge belongs to a 
perfect matching containing exactly one edge of  J. Therefore f ly*,  z* is an optimum 
solution of  (4.5)--(4.8) as in the preceding proof, then we must have equality in (4.6) 
and (4.7) for all jE E by the complementary slackness principle of linear programm- 
ing. Thus the odd cut families s f  and 5 ° will satisfy e(oU)=e(50). Thus we have the 
following. 

Lemma 4.2. I f  G is matehing-covered and JY" is an odd cut family majorized by a star 
.family 50 such that [of'] = [501, then e(. ; f)=e(50).  

We remark that Lemma 4.1 is only interesting for the case that J0 is a non- 
trivial odd cut. If  J0 is a star 6(v) then letting 50=,Y '=  {6(v)} trivially satisfies the 
conditions of  the lemma. 

We can reinterpret the previous lemmas in terms of  node weights and edge 
capacities. Let rc = (rc~E R: iE V) ---0 be a node weight vector and define an edge capa- 
city vector ~ by letting 77j--~,+rc v if j=uvEE.  That is, each edge's capacity is the 
sum of  the weights of its two endpoints. 

Let ~z be a non-negative integer node weight vector, and consider the following 
problem, which we denote by P(~): maximize IJY'] for odd-cut families ,~f satisfying 
e (.Yl) _-__ ft. It is clear that the family S o  which consists of  no copies of  fi (v) is a solution 
and it has ].Yf0l=rc(V). Suppose that G has a perfect matching M. Then we have 
if(M) =re(V). Let ~ be any solution of  P(zc). Since every odd cut contains at least 
one edge of M, and e (of) _-< i ,  we have ],Y,~[ _-< ff (M) = r~ (V). Thus if G has a perfect 
matching then the optimal solutions of  P(rc) are precisely those odd-cut families o f  
which satisfy e(~()<-~ and ],"fl=rc(V). 

Let G be a graph with a perfect matching, ~ a family of  odd cuts in G and 50 
a star family such that 50 majorizes ~ff and ]50] = ]~([. For  each iE V, define r h to be 
the number of times flU) occurs in 5'?. Then e(~)_-<~ and ]~]=Tr(V),  so ~Y" is an 
optimum solution of  P(rc). Since this construction can be reversed, we obtain the 
following equivalent form of Lemma 4.1 : 

Corollary 4.3. An odd cut J in a graph G with a perfect matching is strict i f  and only i f  
there exists a vector rc of  nonnegative integral node weights auch that J occurs in an 
optimum solution to P(r O. 

We also have the following version of  Lemma 4.2. 

Corollary 4.4. IJ" G=(V,  E) is matching-covered and X is an optimum solution to 
P (rr)for some non-negative in teger node weight vector lr then e (N "~) = i .  
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The following property of  strict cuts enables us to perform some simplifications 
to strict cut families. The proof  is left to the reader. 

Proposition 4.5. Let J1 and J2 be strict cuts. Select shores $1 of J~ and S~ of J2 such that 
IS1AS2[ is odd. Then 6($1NS2) and 3($1US2) are also strict cuts. 

We mention one more useful property of  strict cuts. 

Lemma 4.6. Let J be a strict cut in a matching-covered graph G=(V, E) and let S be 
a shore of J. Then S induces a connected graph. IJ~ in addition, G is bicritical and 
[S I > 1, then S induces a non-bipartite graph. 

Proof. First we note that G[S] must be connected. For if not, at least one componen t 
K of  G[S] would have [V(K)[ odd. Let H be a different component. Then for any 
jE 6 (V(H)) we would have jE 6 (S) so a perfect matching of  G that containedj  would 
have to induce a perfect matching of  K which is impossible. Therefore H must be a 
component of G, a contradiction, since matching-covered graphs are connected. 

Suppose that G is bicritical, IS[> 1 and yet G[S] is bipartite with parts 5"1 
and $2, with ISll< ]s~[. Then, since S is strict, we must have IS~] = ]$2]- 1 and since 
G is matching covered every edge of 6(S)  is incident with a node of S~. But 1S~]_->2 
and if we delete two nodes of $2, then clearly no perfect matching of G can exist, 
contradictory to G being bicritical. 1 

The following theorem is a key result in this paper. 

Theorem 4.7. A 3-connected bieritical graph has no non-trivial strict cut. 

Proof. Suppose, in order to obtain a contradiction, that there exists a 3-connected 
bicritical graph G=(V, E) which has a non-trivial strict cut J. Since bicritical graphs 
are matching-covered it follows from Corollary 4.3 that there exists a vector zc of  
non-negative integer node weights and an odd cut family :~ff containing J which is 
an optimum solution to P(r0. First we simplify the structure o f A  p. 

Claim 1. There exists a laminar odd cut family Jr" containing at least one non-trivial 
cut which is an optimum solution to P(zO. (We do not claim that the non-trivial strict 
cut in ~ is the same cut J w e  started with). 

In fact, choose an optimum solution oY- of  P(r~) containing at least one non- 
trivial cut such that the number of pairs of cuts in :U that cross is minimum. If  no 
cuts cross we are finished. Otherwise let J~ and J2 be two cuts that cross and let S~ 
and S~ be shores of  J1 and J2, respectively, such that [StA $21 is odd. By Proposition 
4.5, 6 (S~/2 S~.) and 6 (Sx tA S~) are strict cuts. Let J'ff' be obtained from ,Y" by replac- 
ing J1 and J2 with the cuts g(S1NS2) and 6($10S~). Then e(Jg")_-<e(.XP)=z~ and 
l ~ ' l =  ]~[.  Therefore ~((' is also an optimal solution to P(~z), and so by Corollary 
4.4, e(Zf")=ff.  Hence it follows that no edge connects Sa'x, S2 to S2\Sa, since for 
such an edge j we would have e(o~g") j=e(Jg ' ) j -2<~j ,  a contradiction. Thus, 
(S~ 0 $2) U ( V \ ( S I  U $2)) is an articulation set and so by hypothesis it must contain 
at least three nodes. But then one of  6(S~ (3 $2) and fi(S~ U S~) is not a star, and so 
~ '  contains at least one non-trivial cut. Since A"' contains fewer pairs of  cuts that 
cross than does X ,  we have a contradiction to our choice of  J{'. This completes the 
proof  of  Claim 1. 
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So let ~ be as in Claim 1. Choose ~z and ,Y" such that [J{'l is minimal. Since ~f" 
contains at least one non-trivial cut, ~ # 0 .  Let JE~f  (trivial or non-trivial), 
jEJ, and let j=uv .  Then e ( . J f ) i=~j>O and so at least one of  the endpoints o f j  
has positive weight re. Let u be an endpoint o f j  such that re, > 0  and let S be the shore 
of  J containing u. Among all possible choices of  J , j  and u, pick one for which ]S]is 
minimal. 

Claim 2. IS[>I.  

For assume that S={u}.  Then omitting J=b(u)  from ~ and decrementing 
7z. by 1 we get another laminar family A"" still containing a nontrivial cut and another 
nonnegative integral node weight vector ~z" such that .~ff' is an optimum solution to 
P(rc'). Since IJC'l< [~1, this is a contradiction. 

Let $1 . . . . .  S,~ be the maximal proper subsets of  S for which 6 ( S , ) E d .  
Let S + = { x E S \ ( S l U . . .  US"):  rex>0} and S ° = S \ ( S + U S t U . . .  US,,). 

Claim 3. No edge of  G joins nodes belonging to distinct sets S~. 

For assume that k = w ~ j o i n s  St and Sz (say). Then e ( • ) k > 0  so row>0 or 
rc~>0. Let, say, row>0, then 6(St), k and w should have been chosen instead of  or, 
j and u. 

Claim 4. No edge connects S o to any Si. 

This follows just as Claim 3. 

Claim 5. No edge connects two nodes of  S + or a node of  S + to a node of  S °. 

For suppose that k is such an edge. Then e(~'~)k=0 but ~k>0, which contra- 
dicts Corollary 4.4. 

Since by Lemma 4.6 the subgraph induced by S is connected, we can conclude 
that S°=0 .  

Claim 6. ] S + l = m + l .  

For consider any perfect matching M containing the edgej. Since each member 
of  • is strict, each 6(S~) contains exactly one edge of M. These m edges have to go 
to S +, since they cannot connect different sets S~ by Claim 3 and they cannot connect 
an Si to V \ S  since b (S) must contain exactly one edge of  M and it already contains 
j .  So exactly m edges of  M connect S + to St U...  U S,,, and one edge of M connects 
S + to V \ S .  By Claim 5, no edge of  M c a n  connect two points in S +. Hence IS+l=  
m + l  as claimed. 

Claim 7. No edge connects a node in any Si to a node in V ~  SI . 

For assume k is such an edge, and let M be a perfect matching containing k. 
Then the same counting as in the proof  of  Claim 6 yields that IS+]=m,  which 
is a contradiction. 

By Claims 3, 6 and 7 we see that G'x,S + has m + l  =IS+[  odd components. 
This is only possible if IS + I = 1, i.e., S + = S =  {u}. But this contradicts Claim 2. 1 
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5. The matching rank of general graphs 

Let r(G) denote the maximum number of perfect matchings in G whose inci- 
dence vectors are linearly independent over R. (We shall say simply that the perfect 
matchings are linearly independent.) It is clear that instead of  linearly independent we 
could say affinely independent, since all incidence vectors of  perfect matchings lie in 
the hyperplane x(E)= [V[/2, which does not go through the origin. It follows there- 
fore that 

r(G) = 1 +d im PM(G). 

The main theorem of  this paper is the following. 

Theorem 5.1. Let G=(V, E) be a matching-covered graph. Then any brick decompo- 
sition of G results in l e t - I V I + 2 - r ( G )  bricks. 

We had to be somewhat careful in formulating this result, since we have not 
yet proved that every brick decomposition of  G results in the same number of bricks. 
Of course, the theorem implies this fact. Note that the theorem also provides an 
efficient way to determine r(G): just carry out the brick decomposition of G in an 
arbitrary way. If we obtain ]3 (G) bricks then 

r(G) = ]E I --[V I + 2 - f l ( G ) .  

Two special cases are worth pointing out. If  G is bipartite then it has no bricks 
and so we obtain the following result (Naddef [11]--see Thm 1.2). 

Corollary 5.2. l f  G is a bipartite matching covered graph then 

r(G) = IEI- IVI+2.  

If G is itself 3-connected bicritical, then fl (G)= 1 and hence we obtain 

Corollary 5.3. l f  G is a 3-connected bicritical graph then 

r(a) = IEI- IVI+a .  

Before proving Theorem 5.1, we establish some lemmas which will also be used 
later on. 

Lemma 5.4. Let G be a graph and G1 . . . . .  G,, the connected components of G. Then 

r(G) = r(GO+ ... + r(Gm)-m + 1. 

Proof. It suffices to treat the case m = 2 ;  the general case follows then by induction. 
Let M1, ..., Mk be a basis of  perfect matchings of  G1 and M1 . . . . .  M[ a basis of  
perfect matchings of G2 (where k=r(GO, l=r(G~)). Then M1UM1, M1UM~ .. . .  
• .., M~UM't, M2UM~, ..., MkUM1 is a basis of perfect matchings of  G~UG2. The 
verification of this is left to the reader. (It can be proved in the same fashion as the 
next lemma.) 

Lemma 5.5, Let J=6(S)  be an odd cut of G=(V, E) and let all[ be the set of all 
perfect matchings of G which contain exactly one edge of J. Assume that ,/¢[~0. Let 
E consist of those edges of G belonging to some M~d¢ and let G=(V,  E). Then 
r (~)=  r(~x S)+r(Gx(v\s))-IsnE I. 
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Proof. Let ,/ffand .,~ be sets of  r(C,×S) and r(G×(V\S)) aNnely independent 
perfect matchings of  G ×  S and G×(V\S)  respectively. Since for each MCJ/ ,  
thesets M \ ? ( V \ S )  and M~7(S)  areperfectmatchingsof  G×S and G×(V\S)  
respectively, for each .]qJfflff~ we can choose /Q~,//~" and 3 ) J ~ 7  such that j ~2 f l  
and jEM j. Let ffl '  and .,//' be the sets of these 37P and 3)~" respectively for jqff~OJ. 
We now define three subsets of  Jg. 

.W 1 = {/I~JU-MJ: jEJI'~E}, 

./z~. -- { .~u  MJ: ~ C J , d \ i ' ,  { j }  = ~ n ( J n  g)}, 

~'3 -= {)QIU/~: 3 ~ J / L \ J / [ ' ,  {j} = )~(~(Jr~E)}.  

We show that ~'~U~2UJ/{3 is affinely independent. Suppose there exists a zero 
valued affine combination of JglU~2Ud~/3, and suppose there exists .~¢Uh4Jc./g2 
whose matching vector has a nonzero coefficient. Then restricting all matchings to 
E(GX S) we see that these coefficients would give a nontrivial zero affine combina- 
tion of  members of./~, a contradiction. A similar argument holds for ~'3 so the co- 
efficient corresponding to each member of °/~/2U~t'3 has zero value. But since for 
jEJ~E, JlTlJ~l~l J is the only member of  J& using j,  we see that all coefficients are 
zero valued, and so -/¢1 Udl2 U J/& is affinely independent. 

Now we show that .W1U~g.,UJ& is an affine basis of.#/. Let M E ~  and let 
] be the edge of  J in M. Since d l  was an a n n e  basis of  the perfect matchings of  
G'XS, we can express Mf-qE(GXS) as an ann e  combination of  members of.//7. 
Let x be the vector obtained by taking that combination of  the incidence vectors of  the 
corresponding members of  ,~UJ/&. Then xj=O for j ( J~{ f }  and x j = l .  But 
for each jEJf]E, every member of JglUJ/2 that contains j equals _MJ on 
E(GX(V',, ,S)).  Therefore x restricted to E(G×(V'xS)) is the incidence vector of  
~rL Analogously, we can express MOE(GX(V\S))  as an a n n e  combination of  
members of J/[. Let y be the vector obtained by taking that combination of the inci- 
dence vectors of  the corresponding members of~/~ U ~¢/3 • Then y restricted to E(G X S)) 
is the incidence vector of  ~rL Finally let z be the incidence vector of  _~3 U ~UC~¢I1. 
Then the incidence vector of M equals x + y - z  and so M is an affine combination 
of  members of  .W1 U,W~Uv/¢3. 

Therefore r(~)=l~&l+l~l+l.t&l=,'(GxS)+r(C,X(VXS))-ISnEI a s  

asserted. II 

Corollary 5.6. Let G=(V,  E) be a matching-eovered graph and let J=6(S) be a strict 
cut in G. Then 

r(G) = r(GXS)+r(GX(V\S))-IJ[.  | 

Let us remark that this result could be used to obtain a fairly simple inductive 
proof of  Naddef 's  theorem. In fact, if G has no nontrivial strict cuts then no inequa- 
lity (1.3) is tight and so dim PM(G) is determined by the equations (1.2). If  G has a 
non-trivial strict cut then we may apply Corollary 5.6 and induction. 

Another simple lemma we need is the following. 
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Lemma 5.7. Let G=(V, E) be a graph and let eEE be an edge which is contained in 
aperfeetmatching inG. Let G" be the graph obtained from G by adding an edge e" 
parallel to e. Then r(G')=r(G)+ l. 

Proof. G contains a perfect matching M which contains e. Let M ' =  M ~ e  + e'. Then 
clearly M'  is affinely independent from the perfect matchings of G, and hence r(G') >= 
r ( G ) + l .  Let M~ be another perfect matching in G" containing e" an let 3,/1= 
M~\e '+e.  Then M ~ = M I \ M U M ' ,  i.e., the incidence vector of M~ is an affine 
combination of  the incidence vectors of M '  and perfect matchings of G. Hence 
r(G')<=r(G)+ l. | 

From these two lemmas it will be easy to deduce two similar but slightly more 
complicated formulas for the matching rank of matching-covered graphs. 

Lemma 5.8. Let G=(V, E) be a matching-covered graph, S ~  V(6), and suppose that 
the reduced lobes G1 . . . .  , G,, of S in G are matching-covered and m = [S[. Then 

m 

1" (G) = ~ r (Gi) - 2m + 2. 
i = l  

(Note that the condition of the theorem holds in particular if S~ ~(G)). 

Proof. Let IV(G0[ . . . . .  IV(Gk)I>2 but IV(G~+01 . . . . .  1W(Gm)l--2. We use 
induction on k. If  k = 0  then G is bipartite and for every i, r(Gi)= ]E(GI)[. So the 
formula says that 

m 

r(G) = ~ [E(Gi)[-2m+ 2 = [E[ - [V[+2 ,  
i = 1  

which is Corollary 5.2. In fact, after alI our preparation, this relation is trivial: the 
equality system for PM(G) consists only of  the set of  equations (1.2). Since G is 
bipartite, the rank of  this system of  equations is IV I -  1, and so r (G)= dim PM(G)+ 1 
=IEI - IVI+2 .  

So suppose that k > 0 .  Let T =  V(Gk)\{s}, where s is the pseudo-node com- 
ing from the shrinking of  S. 

Then 6(T) is a nontrivial strict cut and so by Corollary 5.6, 

r (G) = r (G X T)  + r (G X ( V \ T ) ) -  j6(r)l. 

Now by the induction hypothesis, 

r(GXT) = Z r ( G ~ ) + r ( G X T X ( V \ T ) ) - 2 m +  2 = Z r(G,)+J6(r)i-2m+ 2, 
i ~ k  iv~k 

while G × ( V \ T ) = G  k. Hence the identity in the Lemma follows. | 

Lemraa 5.9. Let G=(V,  E) be a matching-covered graph, {u, v} an articulation set 
of G and let G~ . . . . .  G,, be the lobes of{u, v}. Let G'=Gi+uv, and let c be the multi- 
plicity of uv in G. Then 

r(G) = ~ r(G~)+c-m. 
i = 1  



264 J. EDMONDS,  L. LOV~SZ, W. R. P U L L E Y B L A N K  

Proof. We prove by induction on m. Let T =  V(G,,)\u and let a and b denote 
the numbers of edges connecting u to T',,,v and v to V~T"x,u, respectively. Then 6 (T) 
is a strict cut and we may apply Corollary 5.6 again: 

(5.1) r (a) = r(a × T) + r (a × ( V \ T ) ) -  16 (T)I. 

Now G × ( V \ T )  is just G~, with b + c -  1 further copies ofuv added. Hence by 
Lemma 5.7, 

r(GX(V\T))  = r(G',,)+b+c-1. 

Purther, by the induction hypothesis, 

t/I--1 

r (aXT)  = X r(G1)+(c+a)-(m-1) 
i = I  

and clearly 
I6(T)I = a+b+e. 

Substituting these values in (5.1), the lemma follows. I 

Proof of Theorem 5.1. This is now a matter of  a fairly simple induction on [V L. 
Assume first that G is 3-connected bicritical. Then no constraint (1.1) is in the equality 
subsystem. By Theorem 4.7, no constraint (1.3) is in the equality subsystem. Therefore 
the equality subsystem consists of  the set of  equations (1.2) and so dim (PM(G))= 
IEI-r(A), where A is the node-edge incidence matrix of  G. Since G is nonbipartite 
and connected r(A)= [V I. Thus r(G)= 1 +d im (PM(G))= l e t - I V l  + 1. 

Second, suppose that G is bicritical but not 3-connected. Let any decomposi- 
tion of G start with an articulation set {u, v}, let G1 . . . .  , Gm be the lobes of  {u, v} 
and G~=G,+uv. Let c be the multiplicity ofuv in G. Again, by definition, 

i = l  

and by the induction hypothesis 

B ( a 3  = IE(G31 - lV(a~)l + 2-- r (G~). 
Hence 

fl(a)  = z~ ]E(G~)I-z~ [V(a')i+2m-z~ r(a~) = 

] E l - c + m -  (IVf+2m-2)+ 2 m -  ~ r (G~)=lE[-c- lV[+2+rn-2  r(a'). 

By Lemma 5.9, 
Z r(G~) : r(G)+ra-c. 

Hence the formula in the theorem follows. 
Third, suppose that G is not bicritical. Let any decomposition of  G start with 

a class S~¢b(G), m=[S]_-->2. Let GI . . . . .  Gm be the reduced lobes of  S. Then by 
definition, the number fl(G) of  3-connected bicritical constituents of  G obtained in 
this procedure is 

/~(a) = P ( G 0 +  ... +/~(am). 

Further,  by the induction hypothesis we know that 

fl (G,) = I E(Gi) [ - ]V (G31 + 2 -  r (G3, 
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and so 

fl(a) = ~ fl(G,) = Z IE(G,)[--Z lv(a,)l + 2 m - Z  r(a,) = ]El--lVl +2m - Z r(a,). 

By Lemma 5.8, 

and so 
r(Gi) = r ( G ) + 2 m - 2 ,  

fl(G) = [EI-IVI+ 2 - r ( G )  
as claimed. I 

The value fl(G) is somewhat complicated to compute, therefore it may be of 
interest to deduce lower bounds on r(G) (or, equivalently, upper bounds on fl(G) 
in terms of  IEI and IV[. 

I_emma 5.10. For every bicritical graph G = (V, E) 

fl(G) ~ [El-3  IVl+l. 

Proof. If  G is 3-connected then fl(G)= 1, so the assertion 
following: 

3 
IEi --> ~ lvl. 

is equivalent to the 

This is clear since every point has degree at least 3. 
If  G is not 3-connected then let {u, v} be an articulation set, G 1 . . . . .  Gm the 

lobes of  {u, v} and G'~=Gi+uv. Then, using induction, 

I 3 IV(G;) [ + 1) fl(G) = ~ fl(G'~) <- ,~ E(G~) I - ~ -  

~- t E } + m - 3  ([Vl+ 2 m - 2 ) + m  : I E I - 3  [V l -m+ 3 <= IEI- 23--IV1+1- | 

Corollary 5.11. For every bicritical grap G, 

,.(6) = > - ~ +  1. 

The graph in Figure 2 shows that this bound is sharp. 

Fig. 2 

5* 
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By similar arguments one can show: 

Lemma 5. 12. I f  G=(V, E) is a matching-covered graph then 

fl(a) ~_ l(Ifl-IVI). 
Corollary 5.13. For any matching-covered graph, 

r(G) ~- 2 ([EI--IVI)+2" 

One may use r(G) as a lower bound on the number ~P(G) of perfect matchings 
in a graph. The lower bound in Corollary 5.13 was first proved by Lov~lsz and 

Plummer ([8], Cor. 5.5.1). They also proved that ~(G)=>4IVI+2 and conjectu- 
- i  

1 
red that ~(G) ~ ~- ]V] + 1 for all bicritical graphs. Our Corollary 5.11 settles this 

1 
conjecture in the affirmative. The proof method of Lov~isz and Plummer gives 

(IE[- /V/)+2 perfect matchings which are linearly independent over any field. 
Our formula in Theorem 5.1 does not remain valid over fields of characteristic 
different from 0: the Petersen graph, which is 3-connected and bicritical, has 6 per- 
fect matchings, which are linearly independent over Q but only 5 of them are 
linearly independent over GF(2). To determine the number of perfect matchings 
linearly independent over GF(2) (or over any other given finite field) is an outstanding 
open problem in matching theory. (See Naddef and Pulleyblank [13]). 

We conclude this section with a characterization of those graphs G=(V, E) 
for which r(G)=IEt-IVI+I or, equivalently, for which fi(G)=l. We call such 
a graph rank-extreme. 

Let GI=(V1,EO and G2=(V2, E~) be two graphs with VlfqV~=O. Let 
vl~/I1 and v2E V~ have the same degree. A graph G=(V, E) obtained from G1 and 
G~ by splicing v~ and v2 is defined as follows: V:= V~ U V2\ {v~, v~}, E:= (E1\6 (vl)) U 
(E2\6(vz))UJ where J is obtained by pairing off the edges of 6(v~) and 6(v~) in 
some fashion, then for each pair (.h,J~), putting an edge joining the end of jl different 
from vl to the end ofj~ different from v~. See Figure 3. Of course, different pairings to 
form J will in general result in different splicings. 

O~ Gz ¢ 

Fig. 3 
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Theorem 5.14..4 graph G is rank-extreme if  and only if  it can be obtained from a 3-con- 
nected bicritical graph H and a list (G o: vE V(H)) of matching-covered bipartite graphs 
by splicing each vE V(H) with an appropriate node v'E V(G~). 

The proof follows easily from Theorem 5.1 and is omitted. 

Corollary 5.15. l f  G is a rank-extreme graph andS(S) a strict cut in G, then one of G× S 
and G X (V'NS) is rank-extreme and the other is bipartite. 

6. The perfect matching polytope 

In this section we give a minimal set of equations and inequalities which 
describe the perfect matching polytope PM(G) of a graph G=(V, E). Recall that 
this polytope is described by the following system: 

(6.1) xj => 0 for all jEE, 

(6.2) x(6(i)) = 1 for all iEV, 

(6.3) x(J)  => 1 for every non-trivial odd cut J of G. 

We shall restrict ourselves to the case of matching-covered graphs, since edges 
which do not occur in perfect matchings can be omitted without causing any change 
in the perfect matching polytope, and if a graph is disconnected then its perfect match- 
ing polytope is just the Cartesian product of the perfect matching polytopes of its 
connected components. 

We shall describe how to achieve the following tasks: 

(a) 

(b) 

(c) 
(d) 

Find a maximal system of linearly independent non-trivial strict odd cuts. 
These, together with the equations (6.2), will describe the atfme hull of PM(G). 
Note that since G is assumed to be matching-covered, no inequality in (6.1) 
is tight. 
Find those inequalities in (6.1) which are facet-inducing. Since the vertices of 
the face {xEP: x j=0} are just the perfect matchings of GNj, this is tantamount 
to finding those edgesj for which r(GN, j ) = r ( G ) -  1. 
Find those inequalities in (6.3) which are facet-inducing. 
Describe which facet-inducing inequalities in (6.1) and (6.3) induce the same 
facet. 

It will be convenient to start with the cases of bipartite and 3-connected bi- 
critical graphs. 

Theorem 6.1. Let G=(V, E) be a matching-covered bipartite graph with IE]_~2. Then 

(a) 

(b) 

the a~ne hull of  PM(G) is described by the equations (6.2); these equations 
are not independent, but dropping any one of them from the system the rest is 
idependent, 
an inequality xj>=O is facet-inducing i f  and only i f  either 
(B1) G'Nj is matching.covered or 
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(c) 
(d) 

(B2) G has the following structure: it consists of  vertex disjoint match&g- 
covered bipartite subgraphs G1 . . . . .  Gm (m>=2) such that V= V(G1)©... 
• ..UV(Gm) and m edges el, . . . , e , , _ , , %  such that el connects Gi to Gi+a 
( i=1 . . . .  , m - l )  and e,, connects G,, to G~, and jC_{el . . . .  , e~}. (Figure 4.) 
All inequaBties (6.3) are inessential. 
The inequalities xj>-O and xk ~O induce the same facet i f  and only if" G has 
the structure described in (B2) a~u/ j ,  kE {el . . . . .  e,,}. 

e 3 

J ~\x 6'1\\ e~ \ \  
\ - x 

O~ Oz G3 
(BI )  {B2) 

Fig. 4 

Proof. (a)and (c)are well-known. To prove (b), let us assume first that xj=>0 in- 
duces a facet. If G \ j  is matching-covered we are done, so suppose that G',,,j is not 
matching-covered. Clearly G is 2-connected, and hence G',,,j is connected, so G",,j 
must have edges not belonging to any perfect matching. Let E0 be the set of these 
edges, and let G, . . . . .  G,, be the connected components of  G ~ E o \ j .  Since G",,.] has 
at least one perfect matching (just consider any perfect matching in G containing 
an edge adjacent to j ) ,  it follows that G1 . . . .  , G~, are matching-covered bipartite 
graphs and hence 

r(G,)  = [E(G~)I--IV(G314- 2. 

Now, by Lemma 5.4, 

r ( G ~ j )  = ~ r (G , ) -  m + l = Z 1E(G31- Z IV(G31 4- m + 1 = 
i = l  

= ] E [ - 1 - 1 E o l - l V l + m 4 - 1 .  

Since G',,,j is connected, IE0] ~=m- 1 and thus 

r(G~j)  ~ IEI-IVI+I. 

We have equality here if and only if ]E01=m- 1, i.e., if all edges of  E0 are 
isthmuses in G',,,j. It is easy to see that this implies that G has the structure (B2). 

Conversely, if G"x,j is matching-covered then r ( G ' , , , j ) = I E ] - I - ] V ] + 2  
= r ( G ) - I  and so xj_->0 induces a facet. 

Assume now that G has the structure (B2). Then as above, 

r(G",,j) = IEI-iVI4-1 = r ( G ) - l ,  

and so xj->O induces a facet. 
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To prove (d), assume first that xj>=O and Xk>=O induce the same facet. Then 
cvery perfect matching vector with x j = 0  must also satisfy xk=0,  i.e., every perfect 
matching in G \ j  must avoid k. So G',,,j is not matching covered and by (b) it has 
structure (B2) and k~Eo. 

Conversely, assume that G has structure (B2) and j, k (  {el . . . . .  e,,}. Then 
a perfect matching of  G contains j if and only if it contains k. Thus xj = 0 if and only 
if Xk=O for a vertex of  PM(G), which means that x~_->0 and Xe>=O induce the 
same facet. | 

Theorem 6.2. Let G= (V, E) be a 3-connected bicritical graph. Then 

(a) the affine hull of PM(G) is described by the equations (6.2), which are in- 
dependent. 
(b) An inequality xj ~ 0 is facet-#~ducing if and only if either 

(BI) G \ j  is rank-extreme or 
(B2) there exists an edge kC E \ j  such that G \ . j \ k  is bipartite and matchhzg- 

covered (Figure 5). 
(c) An inequality x(J) ~ 1 (where J is a non-trivial odd cut with shores $1 and $2) 
is facet-inducing if and only i f  either 

(C1) GX Si is rank-extreme for i= 1, 2, 
(C2) for any one of the shores of J, say $1, there exists an edge eqJUy(S 0 

such that (G\e)  X $1 is rank-extreme and GX $2 con,ists of a matching-covered bipar- 
tite graph together with the edge e jobbing two nodes in the color-class containing the 
pseudonode $2; or 

(C3) there exist edges eiEJUv(Si) such that GXSi consists of a matching- 
covered bipartite graph together with ca_ i joining two nodes in the color-class contain- 
ing the pseudonode Si. (Note that in ease (C2), the edge e is facet-incuding as in (B1), 
and in case (C3), the edges el, e2 are facet-inducing a~ in (B2) ; (Figure 6). 
(d) Two of the above inequalities induce the same facet if and only if  either 

(D1) the graph has ~tructure (B2) and the two inequalities are xj>-O and 
Xk>=O; or 

(D2) the graph has structure (C2) and the two inequalities are x(J)=>l and 
x~_->0; or 

(D3) the graph has structure (C3) and the two inequalities are x(J)_->l and 
Xe~ ~O or 

(D4) the two inequalities are x(J1 )~ l  and x(J2)~ 1, none of the correspond- 
ing facets being edge-induced, and for appropriately chosen shores S~ and S~ of J1 and 
J~., respectively, ]S1NS~] is odd, both 5(S1NSz) and 5($1US2) induce non-edge- 
induced facets, and G× ( S ~ N S ~ X ( V \ S ~ \ S ~ )  is bipartite. 

j 

(B ~I (82) 

Fig. 5 
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lol l  (C21 (C3) 

Fig. 6 

Proof. (a) is essentially a re-statement of  Corollary 5.3. To prove (b), assume first 
that xj_~0 induces a facet. If  G \ j  is matching-covered then, by Theorem 5.1, 

r ( G \ j )  = I E I - I - I V I + 2 - / ~ ( G ~ )  = r ( G ) - / 3 ( G \ j ) ,  

w h e n c e / ~ ( G \ j ) =  1, i.e., G 'x j  is rank-extreme. I f  G',,,j is not matching-covered then 
let E0 be the set of  edges of  G',,,j not contained in any perfect matching and let GI . . . .  
.... G,, be the connected components of  G", , / \Eo .  Then by Lemma 5.4 and Theorem 
5.1, 

m 111 

r ( G ' ~ )  = r (G'~ '~E0)  = ~ r (G,) - m + 1 = ,=a2; (lE(~,)l- IV(G31 + 2 - fl (G,)) - m + 1 

m 

= I E I - I E o I - I - I V I + 2 m - ~ B ( G , ) - m + I .  

Since O~,,j is 2-connected, IEol =~m and thus 

/?1 m 

~=~ fl(G,) = r ( G ) -  1 - ~ fl(G,). r ( ~ j )  ~ t E l - l V l -  = ,=x 

Since xj~_O is assumed to be facet inducing, we obtain that fl(Gi)=0, i.e., G1, ... 
.... G,, are bipartite, and also that [Eol =m.  

We want to show that m =  1. Suppose that m=>2. Since G is 3-connected, 
every Gt is incident with at least 3 edges of  E0U {j }. Hence 3m=<2(m+ I) and thus 
m _ 2 .  If  m = 2  then three edges of  EoU{j} connect the two bipartite matching- 
covered graphs G 1 and G2, and so we may choose a color-class Ua of  Gx and 0"2 of  
G2 such that Ux and Uz are not connected by any edge in G. But then U 1 tJ U2 is an 

independent set of  2IV]  points in G, and so for x, yEV'x,.UI\U2, G ' x , x \ y  has no 
, i  

perfect matching, which is a contradiction. So m =  1, and this proves that G does 
indeed have the structure (B2). The fact that if (B1) or (B2) holds then xy_~O is 
facet-inducing follows similarly. Thus (b) is proved. 

To prove (c), assume that x(J)_-> 1 is facet-inducing, where J = 6 ( S )  is an odd 
cut. Let ~ be the set of  all perfect matchings of G which belong to this facet, i.e., 
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which contain exactly one edge of  J. Let E be the set of  edges belonging to perfect 
matchings in .//g and let ~ = ( V ,  E). 

For every jEE\E,  we know that every perfect matching vector with x ( J ) =  1 
also satisfies xj=O. Hence j  is a facet inducing edge and it in fact induces the same 
facet as the cut J;  and thus xj = 0  if and only if x(J) = 1. Hence by part (b), [ E \ E ]  = 2  
and since G is 3-connected, we get that G is connected. 

By Lemma 5.5, 

(6.1) r (de )  = r (13 x s )  + r (13 × ( v \ s ) ) -  [Jfq El, 
and here, since J induces a facet, 

(6.2) r(d¢) -- r ( 6 3 - 1  = [El-IVl. 

The graphs 13× S and G × ( V -  S) are connected as G is connected and hence match= 
ing-covered. Thus by Theorem 5.1, 

r(13×s) = I e ( 1 3 x S ) l - I V ( ~ x S ) I + 2 - / ~ ( 1 3 x S )  = IE(GxS)I-IV-SI+l-B(13XS) 
and 

,(13 x (v\s)) = IE(13 x (v ' , ,S)) I - rSl  + ~ -  ~(13 x ( V \ S ) ) .  

So by (6.1) and (6.2) 

I E I - I V I  = INl-IVl+ Z-~(13×S)-~(13x (V\S)) 
o r  

I E \ ~ I  = 2-/~(13xa)-/?(13x (v\s)). 
One further remark is needed. I f  13 X S is bipartite then let V1 be its color class 

containing the point to which S is shrunk. Then at least one edge must connect points 
of  VI, since otherwise, 112 = V(G × S) - V a would separate G into [ V21 > 1 odd compo- 
nents, which is impossible as G is bicritical. 

It is straightforward to see now that the case fl(13XSt)=fl(13XS..)= 1 gives 
(C1), the case /~ (G X S0 = 1, fl(G X Sz)= 0 (or the other way around) gives (C2), and 
the case fl(13X S~)=fl(13X $2)=0 gives (C3). 

The fact that in cases (CI), (C2) and (C3) the inequality x(J)~_O does indeed 
produce a facet follows easily from the calculations. 

Finally, the proof  of(d)  in the cases (D1), (D2) and (D3) is essentially contained 
in the above arguments and details are omitted. It is somewhat more difficult to prove 
(d) in the case of  two inequalities x(J~)_-> 1 and x(J.,,) => 1, which induce facets not 
induced by edges. Suppose first that x(JO--> 1 and x(J2)= 1 induce the same facet. 
Choose shores St of J~ and $2 of  J2 such that IS1 (q S~[ is odd. We claim that J '  = 
5($1US2) and J"=6(S~OS~) are odd cuts which also induce the same facet. For, 
let M be any perfect matching on the facet induced by J1, i.e., let IMfqJ~[ = 1. Then 
we also have [M~J2]=I .  Further, IMAJ']=>I and ]MfqJ"I >-_ I, since J" and J"  
are odd cuts. But we have, by simple counting, 

(6.3) ImfqJxl+lmNJ~l >= [MAJ'I+IMfqJ"I, 

whence ]MfqJ'I=IMf~J"I= 1. So every vertex of the facet induced by x(Ja)>=l 
satisfies x ( J ' ) =  1, and thus J" is either strict or it induces the same facet as Ja. 
A similar conclusion holds for J". 
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Next we show that J '  and J" cannot be strict. To this end, we first prove that 
no edge of G connects SI\S~. to $2\$1. Assume indirectly that e is such an edge. 
Since the facet x(J1)_->l is not edge-induced, there must be a perfect matching M 
such that [M~Jll = 1 and e~M. Since J~ induces the same facet, we have IM~J2J-= 1. 
But then the same counting as in the proof  of  (6.3) leads to a contradiction. 

It follows now that it cannot happen that both J" and J" are strict, since then 
by Theorem 4.7, they would have to be stars, i.e., [$10 $2[ = 1 and I v \ s ~ \ s ~ l  = l. 
But this contradicts the hypothesis that G is 3-connected. Further, if one, say J", is 
strict but the other, J', is not, then J" induces a non-edge-induced facet (the same 
facet as J1 and J2), and so G I = G × ( V \ S I \ S 2 )  is rank-extreme by (b). Let SANS2 
={u}, and let v be the pseudonode corresponding to V",,St\S2 in G~. Let/-/1 and 
//2 be the subgraphs of G1 induced by (SI\S2)U{u, v} and (SO"\S~)U{u, v}, and 
let Hi'=Hi+uv for i=  1, 2. Then, up to the multiplicity of  the edge uv, H i is just 
G~ × S~ and H i  is just G1 × Sa. Hence H ;  and Hi  are rank-extreme and so non-bipar- 
tite. But then fl(G~) ->2, which is a contradiction with the fact that G~ is rank-extreme. 
So J" and J" are non-trivial, and hence non-strict cuts, and so they do indeed induce 
the same facet as Ja and J2. 

Now J" is an odd cut in G × (Sa A $2), and since J" and J" induce the same 
facet, J" must be a strict cut of  GN(SxTIS~). But GX(S~OS2) is rank-extreme by 
(b) and so one of  G × (S~ A Sz) × (S~ A So) and G × ($I ('1S~) × ( V \ S ~ \ S z )  must be 
bipartite while the other is rank extreme. But we know that G × ($1 ('/S~) × (Sx A Sa) = 
= G × ( S 1 U  S~) is rank-extreme, and hence G×(S~A S~)×(V \S t \S~)  is bipartite. 
This proves the necessity of  the condition described in (D4). The sufficiency follows 
by a strai~mhtforward computation of the ranks. 1 

We now describe, in an inductive way, a minimal set of  equations and inequal- 
ities which determine PM(G) for a general matching-covered graph G. More precise- 
ly, we shall construct three things. 
(c0 If  G is bipartite, we already know that all but one equation of  (6.2) form a mi- 
nimal set of equations determining PM(G). If  G is non-bipartite, we take all equations 
of  (6.2) and some equations of  x ( J ) =  1, where J ranges over a laminar family F(G) 
of  odd cuts with the odd cycle property. 
(/~) The facet-inducing edges are best described along with the information telling 
which of them induce the same facet. Thus we shall consider a coloration ~o (G) 
of  a subset of  E(G) for every matching-covered graph G, such that j~ E(G) induces 
a facet if and only if it is colored, and two edges induce the same facet if and only if 
they have the same color. 
(~) Further, we shall describe a minimum list L(G) of  odd cuts which induce all 
non-edge-induced facets of PM(G). 

For 3-connected bicritical graphs and matching-covered bipartite graphs, 
F(G), ~o(G) and L(G) are easily determined by Theorems 6.1 and 6.2. The next 
theorem tells us how to proceed to general matching-covered graphs. 

Theorem 6.3. Let G be a matching-covered non-bipartite graph and J a non-trivial 
strict cut in G with shores S~ and So". Then F(G), (p(G) and L(G) can be constructed as 
follows. 
(e) I f  both G×S~ and G×SO" are non-bipartite, then let F(G)=F(G×SI)~5 
F(GXSe)U{J}. I f  G×SI is bipartite (say) but G×S2 is not, then F(G)= 
F(G × S~). (It cannot happen that both G × $1 and G × $2 are bipartite.) 
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([3) First make all colors in cp(Ga) and ~o(G2) distinct. Delete all colors which occur 
as the color of  an edge e6 J in cp(Gi) such that e is not colored in cp(Gz_i). Identify 
a color in qo(GO with a color in q~(G2) i f  they occur as colors of the same edge eCJ. 
(y) Take L(G)=L(G×Sa)UL(G×S2) .  

Proof. (ct), (fl), and the part of (~) saying that the cuts in L(G×SOUL(G×S~)  
induce distinct, non-edge-induced facets of PM(G) can be proved by straightforward 
computation based on Lemma 5.5, and we do not go into the details. To prove that 
every non-edge-induced facet of PM(G) is induced by a cut in L (G × 5'1)U L (G × S~) 
is slightly trickier. Let J '  be a cut in G inducing a non-edge-induced facet with shores 
T~ and Tz labelled so that IT1N S~I is odd. 

Claim. No edge connects 7"1 (3 Sz to T z (~ $1. 

Assume tha t j  is such an edge, and let M be any perfect matching containingj. 
Then since IT1 (~ $2[ is even, M must contain another edge k from 6 (TIA $2). Since 
J=6(Sz)  is strict, k must have its other endnode in T~A $2, and so k~6(T1)=J' .  This 
means that no perfect matching on the facet induced by J contains j, i.e., j induces the 
same facet as J, which contradicts the hypothesis that the facet x (J )=  1 is not edge- 
induced. Thus the claim is proved. 

It follows just like in the proof of Theorem 6.3(d) that every perfect matching 
on the face induced by J" satisfies x(6(T~fq S~))=x(6(T20 $2))= 1. Hence the odd 
cuts 6(T~ f-) 5'l) and 6(T2N S~) are either strict or induce the same facet as J ' .  But it 
cannot happen that both are strict, since then for every perfect matching M, by the 
Claim, it would follow that 

IMNJ'I = [MfqcS(SafqT1)] + [MN6(S2fqT~)I--[MAJ[ = 1, 

whence J" is strict, which is, however, not the case. II 
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